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Abstract 
A tutorial, in which inertial and gravitational mass meanings were scanned according Newton and Mach, was made up in the 
summer school IDIFO3 (Udine, 2011, addressed to high-school skilled students). Quadrimomentum was defined through proper 
time and 4-displacement by analogy with classic momentum, relativistic kinetic energy was introduced passing for the 
Newtonian limit, mass was related to rest-energy. Ways of looking at mass as well as scientific meanings of mass emerged were 
analyzed. “Relativistic mass” was inquired separately. Data analysis enlightened pupils’ learning of mass-energy equivalence and 
allowed recognizing the physical representations of mass devised by Domenéch et al. 
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1. Introduction 
Mass is a fundamental physical quantity, involved in every physics course, from primary to high school and 
university. It has a manifold character: Newton introduced the nonphysical quantitas materiae, together with inertial 
mass (the one in F=ma) and gravitational mass (the one in the Universal Gravitation Law). In 1905 Einstein 
established the mass-energy relation, where the former is meant as the Newtonian inertial mass and the latter as 
internal energy, in the thermodynamic sense; it will be called “rest energy” E0. The quantity “relativistic mass”, 
depending on speed in an inertial reference frame, is sometimes used as a proper physical quantity, even if 
nowadays most of the scientific community considers it useless and misleading for educational purposes (e.g. Fabri 
[4], Okun [7]). Eventually, momentum-energy density is the source of space-time geometry modifications, where 
(rest) energy is equivalent to mass, in General Relativity. 
2. Literature 
The educational researches performed by Lehrman [6] pointed out remarkable problems in high school textbooks, 
namely confusion between weight and gravitational mass; belief that an equal arm scale measures weight instead of 
gravitational mass; operational definition of inertial mass as F/a, but without a definition of force independent from 
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Newton’s II law (it would be correct if F were the force acting statically on a compressed spring, given by Hooke’s 
law). Burniston Brown [1] indicated increase of confusion about mass with the introduction and use of «inertial» 
and «gravitational» mass mi and mg; this, in turn, generates confusion about their proportionality (the weak 
equivalence principle postulates i gm m= ; in [1] it is stated they can’t be homogeneous in cgs units: 
1
2
i gm G m
−
= ). 
A vision of mass as quantitas materiae has generated misconceptions concerning mass-(rest) energy relation, such 
as «Mass is ‘converted’ into energy, in a generic sense»; « 2E mc= represents ‘conversion’ of mass into energy»; 
confusion between energy conservation law and mass conservation law. In addition, an important research by 
Doménech et al. [2] showed the presence of a qualitative conception of mass in high school students. Duschl [3] 
focused on the teleological connotation of the concepts, encouraged by social image of science. Students’ 
conception seems not to be a scientific quantitative one, in which mass is definable as an operative quantity, for two 
reasons: the belief that scientists describe objective reality and «student bewilderment with the formal […] 
numerical reasoning used by scientists». 
    
Finally, Doménech et al. [2] classified students’ ways of looking at mass in five levels of ‘physical 
representation’, according to the semantic analysis of Gorodetsky et al. [5] 
Ontological: mass is a general property of matter or even identified with matter/bodies/particles; this is 
considered a pre-theoretical definition: a theoretical framework is not developed. An example is quantitas materiae. 
Functional: mass is identified with properties, tendencies or behaviors of the physical system. For instance, 
inertia on one hand, heaviness on the other hand. 
Translational: mass is identified with another related quantity, such as density or weight (pre-theoretical level).  
Relational: mass is clearly related with other concepts in a theoretical framework (also when not mathematically 
formalized); we extended the literature meaning of this level. 
Operational: mass is a numerical result to be obtained experimentally, through «conceivable» and « explicit » 
operations. For example, gravitational mass as the measure of an equal arm scale. 
In order to make enquiries about previous problems and about high-school students’ conceptual learning of mass, 
we considered the following research questions:  
1. «How and in which contexts do our students relate themselves to the word "mass" and make use of it? Which 
(mis)-conceptions can be found? »;  
2. «How do the students interpret the conceptual extension of mass in the relativistic context (under the influence 
of our path)? » 
3.  Sperimentation and data analysis 
We decided to investigate lines of reasoning in skilled students, in order to keep off learning difficulties not 
concerning the disciplinary content. Our survey was carried out during the modern physics summer school that took 
place in Udine in July 2011. We proposed an interactive laboratory to forty-two 17- to 19-years old students, with 
individual reflections and group discussions. Each student was given working sheets outlining our historical 
conceptual path. 
3.1. Rationale of the path (scheme) 
Mass in Principia, as an operative quantity; analysis of inertial mass and gravitational mass concepts in 
Newtonian theory and of the empirical and “relational” Mach’s definition of the former (criticism to Newton); 
introduction of proper time through an applet showing light clock; building of 4-displacement through analysis of 
the world lines of a particle; construction of quadrimomentum in analogy with classical momentum; series 
expansion of the temporal component of quadrimomentum in the Newtonian limit and inductive definition of this 
quantity as relativistic kinetic energy, apart from an additive constant; straightforward inference and interpretation 
of the equation below. 
 
2
0E mc=  (1.1) 
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3.2. Classical part 
We analyzed the answers to the question inside the sheets (inner questions), to the group questions and to a final 
test. Inner questions:  
«Newton considered mass essentially as “quantity of matter”. […] In the text above, which one of these concepts 
is the basic one: mass, body, density, volume? Why? »; 
«Observe that masses m1, m2 in Universal Gravitation Law play the same role than electrical charges. Based on 
this analogy, can you tell the meaning of the word “gravitational mass”? »; 
«Here [quotation from Mach] the focus is that mass is no more the simple “quantity of matter” in Newton […]: 
it’s a concept in evolution in his mind. Is there a difference with the mass in gravitation? Illustrate»; 
«What ultimately are the conceptual differences among the notions of mass examined so far? » (group question). 
3.2.1. Results from data analysis 
First answer: it shows that students acknowledge the contents proposed in the reading, with some variations. 
Density is considered related to the mass by 43% of students, and to the “quantity of matter” or to the substance by 
33%. For instance, Luca writes: «Because Newton uses it as reference point (valid for all bodies) to obtain the mass 
of every body»; Carmelo: «Because he speaks of quantity of matter in a volume, that is density or what he calls 
norma of every body».  
Second answer: gravitational mass is considered as a parameter describing attractive interaction between bodies. 
The emphasis is on the body in 69% of students, while 26% mention explicitly mass. 
Third answer: In 62% of cases, the difference between inertial and gravitational mass was also expressed through 
a characterization of the latter, with respect to the former. About inertial mass, the category “Newton refers to 
inertial mass, which is the quantity governing the behavior of bodies when accelerations/momentum variations (in 
collisions) are present” is prevalent: 55%. Most of the answers were like this one: “the ability/property of a body in 
contrasting a variation in its state of motion (or state of rest)”. Other frequent answers were “the ability/property of a 
body in contrasting a variation in its state of uniform linear motion (or state of rest)”, “the ability/property of a body 
in contrasting the change of state”. 
Group answer: as for quantitas materiae, the relative majority of students (29%) tries to give meaning to the 
concept in itself. 19% fix their attention to the circularity problem in Newton’s definition; the same percentage only 
mention this facet of mass. We state in advance that there is a precise distinction between the definitions of 
gravitational mass – “dynamic” quantity – and inertial mass – “kinematical” quantity – in 36% of students. In 57%, 
confusion is present. As for inertial mass, we devised four not-exclusive categories, from the most strictly scientific 
ones to the most intuitive ones. The constant/proportionality factor in II law of dynamics (57%); Mach’s operative 
concept defined through symmetry in interactions and inertial role of mass (10%); a concept extended from gravity 
to every interaction (19%); a property related to an action of the body which ‘resists’ or is ‘in opposition’ to 
something (36%). Gravitational mass: one-half of the students consider this facet a property ‘permitting’ interaction 
among bodies; 76% of these recognize explicitly gravitation as a 2-body interaction. 26% highlight mass as source 
of interaction, typically writing ‘property of creating a force’; 14% consider mg involved only in gravitational 
interaction while mi in all physical interactions. 
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3.2.1.1. Classical part of final test  
Our final test was composed by six questions. C1: «When does mass interfere with your everyday life? Which 
phenomena is it involved in? »; C2: «What physics theories do study these phenomena? »; C3: «What do you mean 
by quantity of matter? »; C4 «What connotations and definitions of mass do you know? » 
 
 
 
 
 
 
 
 
Figure 1. Answers to question C1: 
 
 
familiar phenomena evoked by students 
 
 
 
 
 
 
 
 
 
 
Figure 2. Answers to question C4: facets of mass indicated by the students 
Results about quantitas materiae show that this ancient and nonphysical conception is rooted in some 
minds. However, it is not evoked by the oral answers to the first group question, as verified in the analysis of video 
recordings: it seems to be not so much present in our students. 
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3.3. Relativistic part –  Data from final test analysis 
We made students analyze nuclear fission process – providing two examples – and asked them where the huge 
quantity of energy released came from, total energy being conserved. An analysis of a collision between two 
identical particles creating a rest particle followed: which forms of energy were changing? 
R1 - “Does the inertial mass of a body change in function of its energy, apart from the kinetic energy?” 
R2 - “In many textbooks relativistic mass is mentioned. Explain what it is.” 
 
 
 
 
 
                                               
 
 
 
Figure 3. Answers to question R1 (mass-energy equivalence) 
 
 
 
 
 
 
 
             
Figure 4. Answers to question R2 
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3.4. Students’ profiles according the levels of physical interpretation  
 
 
 
 
 
 
 
 
 
 
Figure 5. Students’ profiles by Doménech et al. 
4. Conclusions 
Students have good capability to understand historical physics texts, but only 26% recognize explicitly mass as 
important in gravitational interaction. On the other hand, most of them understand inertial mass in terms of 
Newton’s II law. A difficulty in strictly distinguish between the two facets is present in 57% when they are asked to 
compare them: in this situation the number considering inertial mass as ‘resistance’ is higher. 26% reason in terms 
of active gravitational mass. Evoked everyday phenomena are in large part mechanical ones, as well as physical 
quantities associated to mass in the answers. 
As for Special Relativity, they are very good at formalizing, the relationship (1.1) being an exception. The 
concept of "relativistic mass" as γm0 (velocity-dependent mass) is integrated in Einsteinian paradigm in 36% of the 
answering students (2.3% of these give the right definition), not integrated in 31%. 
When “relativistic mass” is considered, students expect a change in the meanings of many quantities in the 
passage from a theory to another. This revision is necessary, but it cannot be limited to semantics, of course. 
Besides, terminology plays an important role in the proper understanding of mass and in theoretical framing of its 
conceptual relations with total energy, rest energy, “relativistic mass”. We found six misconceptions about the last 
one and mole sometimes mistaken for mass, dues to this aspect. 
Eventually, figure 5 makes it clear that relational level is predominant, because it affects about 60% of the 
sample: our students bore out their great ability in formal and abstract reasoning. 
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